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We show that there exist two types of universal phenomena for three-boson systems with isospin
degrees of freedom. In the isospin symmetric limit, there is only one universal three-boson bound
state with the total isospin one, whose binding energy is proportional to that of the two-boson
bound state. With large isospin symmetry breaking, the standard Efimov states of three identical
bosons appear at low energies. Both phenomena can be realized by three pions with the pion mass
appropriately tuned in lattice QCD simulations, or by spin-one bosons in cold atom experiments.
Implication to the in-medium softening of multi-pion states is also discussed.
PACS numbers: 03.65.Ge, 11.30.Rd, 21.65.Jk, 67.85.Fg
Introduction. The properties of particles interacting
with a large scattering length are universal, i.e., they are
determined irrespective of the short range behavior of the
interaction. In particular, three-particle systems with a
large two-body scattering length lead to the emergence of
the Efimov states [1], which have been extensively studied
in cold atom physics [2]. Moreover, in condensed matter
physics, collective excitations in quantum magnets are
shown to exhibit the Efimov effect [3].
Since the intrinsic energy scale of the system is not
relevant for such universal phenomena, they could be
also realized in strong interaction governed by quantum
chromodynamics (QCD) as far as suitable conditions are
met. In fact, a theoretical possibility of achieving the
Efimov effect in the three-nucleon system by making a
slight modification of the light quark masses was dis-
cussed in the framework of the effective field theory of
QCD [4]. The existence of X(3872) near the D0D¯∗0-
D¯0D∗0 threshold has motivated a search for the universal
three-boson bound state, D0D0D¯∗0. However, the cou-
pled channel effect reduces the attraction and hence no
universal bound state was found in such a system [5].
In this Rapid Communication, we show that two uni-
versal phenomena arise for three bosons with three inter-
nal degrees of freedom (such as the pion pi) if the two-
body scattering length is large. In the real world, the s-
wave pipi scattering lengths are as small as aI=0 ∼ −0.31
fm and aI=2 ∼ 0.06 fm [6] due to the Nambu-Goldstone
nature of the pion, so that the condition of the universal-
ity does not hold. Indeed, the I = 0 s-wave pipi scattering
in the real world leads to the σ resonance far above the
threshold [7]. However, if the quark mass is increased
artificially, the situation changes: the lattice QCD sim-
ulations [8] and chiral effective theory [9] show that the
σ meson becomes a bound state for heavy quark masses.
This implies that there is an intermediate region of the
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quark mass where the σ meson lies close to the pipi thresh-
old and the pipi interaction is characterized by a large
scattering length. In such a region, the three-pion sys-
tem exhibits universal phenomena, which can be tested
by simulating the three pions on the lattice by changing
the quark mass. From the point of view of the statistical
noise, three pions with heavy quark mass are much less
costly than the three nucleons with light quark mass [10].
In this sense, the three-pion system is an ideal testing
ground for the universal physics in QCD.
Universal physics with the isospin symmetry. Let us
first consider the three-pion system with exact isospin
symmetry. We assume that, by an appropriate tuning
of the quark mass, only the s-wave pipi scattering length
in the I = 0 channel, |aI=0|, becomes much larger than
the typical length scale R characterized by the interac-
tion range. In addition, we consider momentum p suffi-
ciently smaller than 1/R, so that the pions can be treated
as non-relativistic particles with a contact interaction.
Then, the system is represented by the universal zero-
range theory [11] with iso-scalar interaction:
L =
∑
i=1,2,3
φ†i
(
i∂t +
∇2
2m
)
φi + v
∣∣∣∣∣∣
∑
i=1,2,3
φiφi
∣∣∣∣∣∣
2
=
∑
j=0,±
pi†j
(
i∂t +
∇2
2m
)
pij + v |pi0pi0 + 2pi−pi+|2 , (1)
where pi± = (φ1 ∓ iφ2)/
√
2 and pi0 = φ3. Here m and v
are the pion mass and the bare coupling constant, re-
spectively. The constant interaction is a consequence
of the explicit symmetry breaking by the nonzero quark
mass [12]. It dominates over the momentum-dependent
interaction near the pipi threshold. After the renormal-
ization, the two-pion scattering t-matrix in I = 0 is char-
acterized only by the scattering length a = aI=0 as
it0(p) =
8pi
m
i
1
a −
√
p2
4 −mp0 − i0+
, (2)
2while the I = 2 component vanishes identically, it2(p) =
0.
Now we consider the three-pion system. By combining
one pion with the pipi pair in I = 0, the whole system
has I = 1, which can also be constructed by the pipi pair
in I = 2. Thus, the three-pion system in the isospin
symmetric limit is a coupled-channel problem. Different
pairings of two pions are related with each other through
the recoupling coefficients as(|pi ⊗ [pi ⊗ pi]I=0 〉I=1
|pi ⊗ [pi ⊗ pi]I=2 〉I=1
)
= Ω
(| [pi ⊗ pi]I=0 ⊗ pi 〉I=1
| [pi ⊗ pi]I=2 ⊗ pi 〉I=1
)
,
Ω =
(
1/3
√
5/3√
5/3 1/6
)
.
Then, the coupled-channel three-body scattering ampli-
tude with total energy E obeys the integral equation
iTIJ(E; k, p)
= iΩIJG(P − k − p)
−
∑
K=0,2
∫
q
TIK(E; k, q)tK(P − q)ΩKJG(q)G(P − q − p),
where P = (E,0), k, and p are the four momenta of the
total system, of the initial spectator pion, and of the final
spectator pion, respectively. The pion propagator with
momentum p is written as G(p) = 1/(p0− εp+ i0+) with
εp = p
2/2m.
Because the I = 2 two-body amplitude vanishes in the
present case, the coupled-channel three-body equation
reduces to a single-channel equation. For the on-shell T -
matrix T on(E;k,p) = T00(E; k, p)|k0=εk,p0=εp , we have
T on(E;k,p)
=
1
3
g(E,k,p) +
1
3
∫
q
T on(E;k, q)
× g(E, q,p)8pi
m
1
1
a −
√
q2
4 −m(E − εq)− i0+
, (3)
where g(E,k,p) = G(P − k − p)|k0=εk,p0=εp . Because
of the existence of the I = 2 component, the probability
of finding an I = 0 pair after the particle exchange is
reduced from unity to 1/3 in the right hand side. This
is a major difference between identical bosons and the
bosons with internal degrees of freedom.
Three-pion bound states can be investigated by solving
the homogeneous equation. After the s-wave projection,
the scattering amplitude depends only on the magnitude
of the spectator momenta. At the energy of the bound
state pole E = −B3 with B3 > 0, the amplitude factor-
izes as T on(E; |k|, |p|) = z∗(|k|)z(|p|)/(E +B3), and the
eigenvalue equation for z(|p|) leads to
z(|p|) = 2
λpi
∫ ∞
0
d|q| |q||p| ln
(
q2 + p2 + |q||p|+mB3
q2 + p2 − |q||p|+mB3
)
× z(|q|)√
3
4q
2 +mB3 − 1a
, (4)
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FIG. 1. (Color online) Energies of the bound and virtual
states in the isospin symmetric limit with E¯ = sgn(E)|mE|4
and a¯ = sgn(a)|a|4 in arbitrary units. The thick (thin) solid
line represents the energy of the three-pion (two-pion) bound
state, and the thick (thin) dashed line the energy of the three-
pion (two-pion) virtual state.
where we introduce a factor λ for later use; it is λ = 3 in
the present case. In the two-pion system, there is a bound
state at E = −1/(ma2) ≡ −B2 for a positive inverse
scattering length 1/a, as seen in Eq. (2). This means that
the lowest threshold in the three-pion channel is E = 0
(three-body breakup) for negative 1/a and E = −B2
(two-body decay into pi and a pipi bound state) for positive
1/a. Solving Eq. (4) numerically, we find one bound state
for the three pions at
B3 =
1.04391
ma2
for 1/a > 0. (5)
On the other hand, no bound state is generated for 1/a <
0. Because there is no scale other than the scattering
length, it is a universal result that there is a three-pion
bound state whose binding energy is proportional to that
of the two-pion system. The results are illustrated in
Fig. 1.
We find that both the three-pion and two-pion bound
states vanish at 1/a = 0. We can investigate the fate
of the bound state pole in the negative 1/a region. It is
known that the two-body bound state pole turns into a
virtual state, which appears in the lower half-plane of the
complex momentum space, namely, the second Riemann
sheet of the complex energy plane [13]. The first (second)
Riemann sheet can be reached by a rotation of the bind-
ing energy B2 → B2eiθ with −pi ≤ θ < pi (pi ≤ θ ≤ 2pi,
−2pi < θ < −pi). In fact, when a two-body bound state
solution is obtained for a given 1/a > 0 at E = −B2,
there is also a solution for the corresponding −1/a < 0
at E = −B2e2pii = −V2. Thus, we have a two-pion vir-
tual state for a negative 1/a at V2 = 1/(ma
2).
We can also search for three-body virtual state solu-
tions by rotating the binding energy as B3 → B3eiθ.
In general, the distribution of the singularities of the
integrand of Eq. (4) depends on the angle θ, so that
3the integration contour should be taken carefully. In
the present case, however, we can rewrite the equation
by using the momentum variables |q˜| = |q|e−iθ/2 and
z(|q˜|eiθ/2) = z˜(|q˜|). Noting that the integrand vanishes
at |q˜| → ∞, we obtain the same form as Eq. (4) with
the replacement 1/a → e−iθ/2/a. Namely, the rotation
of the energy by eiθ is equivalent to rotating the inverse
scattering length by e−iθ/2. Thus, as in the case of the
two-body system, a solution for the virtual state (θ = 2pi)
is obtained by the bound state solution with the oppo-
site sign of the scattering length; V3 = 1.04391/(ma
2) for
1/a < 0.
We have numerically checked that there is no resonance
state in the second Riemann sheet for both positive and
negative scattering lengths. In fact, the existence of a
resonance pole at a certain θ indicates the existence of
a pole at θ + 2pi with the opposite sign of the scattering
length. However, if B3e
iθ is in the second Riemann sheet,
B3e
i(θ+2pi) is in the first Riemann sheet, where the exis-
tence of poles (except for bound states) is forbidden by
causality [13]. Thus, the present system does not allow
resonance solutions.
Universal physics with the isospin breaking. We now
consider the effect of the isospin symmetry breaking. In
the real world, the charged pi± states are heavier than the
neutral pi0 mainly due to the electromagnetic interaction.
We assume the same ordering even for the heavy quark
mass and focus on the energy window where the effect
of pi± can be negligible. Then the system reduces to a
single-channel problem of three neutral pions. This is
nothing but the case where the Efimov effect arises [2].
Let us briefly show how it occurs. Because of the ab-
sence of the channel coupling, we remove the 1/3 factor
in the right hand side of Eq. (3) and the corresponding
eigenvalue equation is Eq. (4) with λ = 1 as
z(|p|) = 2
pi
∫ ∞
0
d|q| |q||p| ln
(
q2 + p2 + |q||p|+mB3
q2 + p2 − |q||p|+mB3
)
× z(|q|)√
3
4q
2 +mB3 − 1a
fΛ(|q|), (6)
where a = api0pi0 and m is the mass of pi0. Here we intro-
duce the cutoff function fΛ(|q|) with fΛ → 0 for |q| ≫ Λ,
so that the equation is well defined. For momentum much
lower than Λ, the system exhibits the universal physics
with infinitely many bound states at 1/a = 0. The spec-
trum in this region is independent of the cutoff, and is
characterized by the Efimov parameter κ∗; the energy
of the nth excited state is En → −e−2pin/s0κ2∗/m with
s0 = 1.00624 for a sufficiently large n. In Fig. 2, we show
by the solid lines the energies of the three-pion bound
states as functions of 1/a with appropriate powers for
visualization.
To study the trajectory of the bound state pole af-
ter the dissociation, we search for the resonance so-
lutions in the second Riemann sheet as discussed in
Refs. [14, 15]. For a resonance, the residue of the pole
should be z∗(|k|)z(|p|)→ z(|k|)z(|p|), but the eigenvalue
2
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FIG. 2. (Color online) Energies of the bound states of the
three pi0 system with the large isospin breaking. The solid
lines represent the energies of the bound states, and the dot-
ted (dashed) lines represent the real parts (imaginary parts
with the opposite sign) of the resonance poles. Both the axes
are normalized to be dimensionless by the Efimov parameter
κ∗ as E
′ = sgn(E)|mE/κ2∗|1/4 and a′ = sgn(a)|aκ∗|1/4. The
inset shows the trajectories of the pole positions in the com-
plex energy plane for a period corresponding to −0.663293 ≥
1/(aκ∗) ≥ −15.0530. The solid (dashed) line stands for the
resonance (anti-resonance) state. As the inverse scattering
length is decreased, the pole moves to the direction indicated
by the arrows.
equation (6) remains the same. In the present case, the
rotation of the binding energy B3 → B3eiθ is equiv-
alent to rotating 1/a → e−iθ/2/a and Λ → Λe−iθ/2.
In general, the cutoff function can have a pole. For
fΛ(|q|) = Λ/(|q| + Λ), the pole position after the phase
rotation is |q˜| = −Λe−iθ/2 which does not cross the in-
tegration path for −2pi < θ < 2pi (therefore, our analysis
cannot confirm or exclude the existence of virtual states).
With a different form of the function fΛ(|q|), however,
we need to treat the singularities properly, by adding the
residue terms depending on the rotation angle θ, in order
to obtain the correct results.
By solving the eigenvalue equation, we find that an
Efimov bound state pole turns into a resonance (and an
anti-resonance expressed by the complex conjugate of the
resonance pole) when the binding energy crosses zero for
1/a < 0. The real and imaginary parts of the pole posi-
tion are shown in Fig. 2. As we decrease 1/a, the pole first
moves to the higher energy with increasing the width,
but at some point it changes the direction and goes to
the subthreshold region [15]. Interestingly, as we further
decrease 1/a, the pole again moves toward the threshold
with decreasing the imaginary part, and finally reaches
the threshold when the next [(n − 1)th] Efimov bound
state comes to the threshold. This pole trajectory is
shown in the inset of Fig. 2. In contrast, when the Efimov
4TABLE I. Classification of the universal three-body bound
states with respect to the parameter λ in Eq. (4).
λ < 2.41840 2.41840 < λ < 3.66811 3.66811 < λ
Efimov states Single universal state None
bound state dissociates with 1/a > 0, the three-body
problem is effectively reduced to the two-body problem
of a pion and a two-pion bound state. According to the
universal two-body physics, the bound state turns into a
virtual state, in accordance with Ref. [14]. In this respect,
the direct transition from the bound state to the reso-
nance for 1/a < 0 is a peculiar feature in the three-body
system. Moreover, the cyclic pole trajectory is in con-
trast to the usual two-body resonance which goes away
from the real axis when the attraction is weakened. This
behavior also shows that there is only one resonance at a
given 1/a < 0, although the number of the bound states
is infinite at 1/a = 0.
Classification of the universal physics. We have seen
that the number of the universal bound states is only one
for the isospin symmetric case and infinity for the isospin
breaking case. The difference stems from the factor λ in
Eq. (4) which represents the effective reduction of the
attraction by the coupled-channel effect. The solution of
Eq. (4) is classified by the value of λ in Table I. For λ
smaller than 4pi/3
√
3 ≈ 2.41840, the Efimov effect oc-
curs. The single universal bound state is obtained for λ
until 3.66811, above which no bound state appears. The
D0D0D¯∗0 three-body system considered in Ref. [5] corre-
sponds to λ = 4 and hence there is no bound state. The
three-pion system with heavy quark mass is a unique sys-
tem which is capable of realizing both the Efimov states
and the single universal state.
Interpolation by a model. The two types of universal
state discussed above can be described under the mod-
ification of the zero-range theory in Eq. (1) by intro-
ducing a finite mass difference between pi± and pi0, i.e.,
∇2/(2m)→ ∇2/(2mj)−mjc2 with ∆ = (m±−m0)c2 >
0. The length scale associated with the mass difference
is 1/
√
m0∆. If this is much larger than the typical in-
teraction range R, we should have the infinitely many
Efimov bound states for p≪ √m0∆, while only a single
bound sate arises for
√
m0∆≪ p≪ 1/R. Measuring the
energy from the pi0pi0 threshold, we obtain the two-body
amplitude as
it(p) =
8pi
m0
i
{
1
a
− 1
3
√
p2
4
−m0p0 − i0+ − 2m±
3m0
×
[√
p2
4
−m±p0 + 2m±∆− i0+ −
√
2m±∆
]}−1
.
For ∆/E → 0, we recover Eq. (2) in the isospin sym-
metric limit if the mass ratio m±/m0 is close to unity.
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FIG. 3. (Color online) Binding energies from the interpolation
model with the mass ratiom±/m0 = 1.03403. The filled circle
at origin expresses the accumulation of the Efimov bound
states. The axes are given by the dimensionless quantities
E = sgn(E)|E/∆|1/2 and 1/a = sgn(a)|1/a√m0∆|1/2.
For ∆/E → ∞, we obtain the pi0pi0 amplitude with
1/a → 3/a, and also with an effective range re =
−2(m±/m0)2/
√
2m±∆. Therefore, this model interpo-
lates two universal physics with the variation of the en-
ergy scale E. In addition, a cutoff scale for the Efimov
physics at ∆/E →∞ is naturally introduced by the mass
difference in the form of re. Note that the behavior out-
side the universal region should be determined by the
underlying dynamics, and this model provides one of the
possible scenarios.
In Fig. 3, we show the spectrum of the above inter-
polation model with the mass ratio being m±/m0 =
1.03403. The infinitely many Efimov states appear in
the vicinity of the origin where the isospin breaking
scale is much larger than the eigenenergies. For the
1/a ≫ √m0∆ region, there is only one bound state
at B3 = 1.02982/(m0a
2) which is slightly different from
Eq. (5) because of the mass ratio m±/m0 6= 1. In the
present model, we find that the lowest level of the Efimov
states is continuously connected to the single universal
bound state in the large 1/a region.
Discussions. As mentioned in the Introduction, the
three-pion system with heavy quark mass can be simu-
lated in lattice QCD. First, we need to tune the quark
mass so that the two pions in the s-wave and I = 0 chan-
nel form a shallow bound state which we call σ. Then,
we search for the bound state in the three-pion system in
the I = 1 channel which we call pi∗. For the isospin sym-
metric case, the ratio of the binding energies between pi∗
and σ will be precisely B3/B2 = 1.04391 in the univer-
sal region. The confirmation of the Efimov states which
appear under the isospin symmetry breaking would be
a numerical challenge because the binding energies are
separated by a large factor, 515.
The universal three-pion bound states are unlikely to
be realized in the vacuum because of the small pipi scat-
tering length for light quark masses. On the other hand,
5in the nuclear medium, one can expect an effective in-
crease of the pipi attraction due to partial restoration of
chiral symmetry [16], so that the σ resonance approaches
and reaches the pipi threshold before the entire symme-
try restoration taking place [17, 18]. Around the baryon
density where σ and pipi are almost degenerate, the uni-
versal three-pion state pi∗ would simultaneously appear.
Experimental confirmation of such novel bound states (σ
and pi∗) in the nuclear medium is an interesting problem
to be explored in hadron-nucleus and nucleus-nucleus re-
actions.
Finally, we note that our results have direct relevance
to cold atom physics. In such a case, one can consider
a spin-one bosonic atom instead of the isospin-one pion.
Because the interaction between cold atoms can in princi-
ple be controlled, it is also interesting to study universal
three-boson physics with spin degrees of freedom in cold
atom experiments.
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